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■ 1 Introduction 

p , 

The noncommutative residue found in [Gu] and [Wo] plays a prominent role in non- 
commutative geometry. In [Cl],Connes used the noncommutative residue to derive 
a conformal 4-dimensional Polyakov action analogy. In [C2], Connes proved that the 
noncommutative residue on a compact manifold M coincided with the Dixmier's trace 
on pseudodifferential operators of order — dim/If. Several years ago, Connes made a 
challenging observation that the noncommutative residue of the square of the inverse 
of the Dirac operator was proportional to the Einstein-Hilbert action, which we call 
the Kastler-Kalau-Walze theorem. In [K], Kastler gave a brute-force proof of this 
theorem. In [KW], Kalau and Walze proved this theorem in the normal coordinates 
system simultaneously. In [A] , Ackermann gave a note on a new proof of this theorem 
by means of the heat kernel expansion. 

On the other hand, Fedosov et al defined a noncommutative residue on Boutet de 
Monvel's algebra and proved that it was a unique continuous trace in [FGLS]. In [S], 
Schrohe gave the relation between the Dixmier trace and the noncommutative residue 
for manifolds with boundary. In [Wal] and [Wa2], we generalized some results in [CI] 
and [U] to the case of manifolds with boundary . In [H] , the gravitational action for 
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manifolds with boundary was worked out (also see [B]). The motivation of this paper 
is to give an operator theoretic explanation of the gravitational action for manifolds 
with boundary and prove a Kastler-Kalau-Walze type theorem for manifolds with 
boundary. 

Let us recall the Kastler-Kalau-Walze theorem in [K], [KW],[A], Let M be a 4- 
dimensional oriented spin manifold (it holds for any even dimensional manifolds) and 
D be the associated Dirac operator on the spinor bundle S(TM). Let s be the scalar 
curvature and Wres denote the noncommutative residue (see [Wo] , [FGV] ) . Then the 
Kastler-Kalau-Walze theorem gives a spectral explanation of the gravitational action, 
it says that there exists a constant cq, such that 



Wres(£>- 2 ) = c / sdvol M - (1.1) 



For an oriented spin manifold M 4 with boundary dM, we use Wres[(7r+D- 1 ) 2 ] instead 
of Wres(Z)~ 2 ) where D is the Dirac operator on an open neighborhood M of M and 
we still write D instead of D in this paper (for definition of D see Section 2) . Here 
Wres denotes the noncommutative residue for manifolds with boundary of [FGLS] 
and tt + D~ l is an element in Boutet de Monvel's algebra (see [Wal], Section 3). By 
definitions of Boutet de Monvel's algebra (see[S,p.ll] or [Wal, pp. 5-6]), it is significant 
to consider 

Wres ■;,-•/; 'r Wres ' n+ D ' ° 







(1.2) 



which doesn't depend on the extension M. By the composition formula in Boutet de 
Monvel's algebra and the definition of Wres (see (2.4) and (2.6) in [Wal]), Wres[(7r + .D _1 ) 
is the sum of two terms one corresponding to interior and the other corresponding 
to boundary of M. It is well known that (see [H]) that the gravitational action for 
manifolds with boundary is also the sum of two terms from interior and boundary 
of M. So it is natural to hope to get the gravitational action for manifolds with 
boundary by computing Wres[(7r + Z)~ 1 ) 2 ] . For simplicity, we assume that the metric 
g M on M has the following form near the boundary, 

where g 9M is the metric on dM. h(x n ) G C°°([0, 1)) = {/t| [0 ,i)|/i G C°°((-e, 1))} for 
some e > and satisfies h(x n ) > 0, h(0) = 1 where x n denotes the normal directional 
coordinate. Through computations, we find that the term from boundary which we 
expect to get vanishes, so Wres[(7r + L' _1 ) 2 ] is also proportional to § m s&vo\m- For- 
tunately, if we assume that dM is flat, then we can define J 9M resi i i(D _1 , D^ 1 ) and 
J dM ies2 ! i(D~ 1 , D^ 1 ) (see Section 4) and get that the gravitational action for dM 
is proportional to J dM resi i i(Z) _1 , D^ 1 ) and J dM res2,i(-D~ 1 , D^ 1 ), which gives two 
kinds of operator theoretic explanations of the gravitational action for boundary. For 
general even dimensional manifolds with boundary, we have no similar explanations 
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for the gravitational action for boundary, even though for the fiat boundary (see Sec- 
tion 4). 

For odd dimensional manifolds without boundary, Wres(Z)~ 2 ) = 0, so Kastler- 
Kalau-Walze Theorem isn't correct. But for odd dimensional manifolds with bound- 
ary, in general Wres[(7r + D -1 ) 2 ] doesn't vanish (similar to Section 5-7 in [Wal]). In 
this paper we compute Wres[(ir + D~ r ) 2 ] explicitly for 3-dimensional spin manifolds 
with boundary. 

This paper is organized as follows: In Section 2, for 4-dimensional spin manifolds 
with boundary and the associated Dirac operator D, we compute Wres[(7r + D -1 ) 2 ]. 
In Section 3, we compute Wres[(7r + Z? -1 ) 2 ] for 4-dimensional oriented Riemannian 
manifolds with boundary and the associated signature operator. Two kinds of op- 
erator theoretic explanations of the gravitational action for boundary in the case of 
4-dimensional manifolds with boundary will be given in Section 4. In Section 5, We 
compute Wres[(7T + I) _1 ) 2 ] for 3-dimensional spin manifolds with boundary. In Ap- 
pendix, the proof of two facts in Section 2 will be given. 



2 The Dirac operator case 

In this section, we compute Wres[(7r + Z) _1 ) 2 ] by the brute force way in [K] and the 
normal coordinates way in [KW]. 

Let M be a n-dimensional compact oriented spin manifold with boundary dM 
and the metric g M in (1.2). Let n = 4, but our some computations is correct for the 
general n. Let U C M be a collar neighborhood of dM which is diffeomorphic to 
dM x [0, 1). By the definition of C°°([0, 1)) and h > 0, there exists h e C°°((-e, 1)) 
such that fo|[o,i) = h and h > for some sufficiently small e > 0. Then there exists a 
metric g on M = M L)q M dM x (— e, 0] which has the form on U Uqm dM x (— e, 0] 

g = J—9 dM + d x l (2.1) 
h[x n ) 

such that 7}\m = g. We fix a metric g on the M such that c/\m =9- We can get the spin 
structure on M by extending the spin structure on M. Let D be the Dirac operator 
associated to g on the spinors bundle S(TM). We want to compute Wres[(7r + -D -1 ) 2 ] 
(for the related definitions, see [Wal], Section 2, 3). Let S (S') be the unit sphere 
about £ (£') and <r(£) (<r(£')) be the corresponding canonical n — 1 (n — 2) volume 
form. Denote by <Ji(A) the I- order symbol of an operator A. By (2.4) and (2.6) in 
[Wal], we get 

WresKTr+Zr 1 ) 2 ] = Wres[(^ + Zr 2 ) + L(D _1 ,D -1 )] 
= / / tT a ce s{TM) [a^{D- 2 )]a(Odx+2Tr f f tr 5(TM) [tr(6_ 4 )(x / , OKO^, 

JMJ|?|=l JdMJ\t'\=l 

(2-2) 

where 6_4 is the (— 4)-order symbol of L(Z) 1 , D x ) which is called leftover term. By 
the formula (3.14) and (3.15) in [Wal] and 7r^ adding degree 1 of the symbol and 
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the ++ parts vanishing after integration with respect to £ n (see [FGLS] p. 23), then 
we have 

tr(6_ 4 ) = E ( { . KA a +V> °. ?> 60 °' di^d k Xn a(x', 0, f , £ n )U 

(2-3) 

where a = a(D 1 ) and ir^ n and a + = tt^o defined by (2.1) and (2.2) in [Wal]. By 
the formula of p. 740 line 2 in [Wal], we get 

me S [(n + D- 1 ) 2 }= f I tT a ce siTM) [a- 4 (D- 2 )}a(Z)dx + f $, (2.4) 

JMJ\€\=1 JdM 



where 



^ +oc _oo^ ^ (_^|ah./-A-l 



i,fc=0 

xtraces^^df^^Z)- 1 )^ 

(2.5) 

where the sum is taken over r — k — \a\+l—j — I = —4, r,l < — 1. Since [cr_4(D 2 )]|m 
has the same expression as <7_4(-D -2 ) in the case of manifolds without boundary, so 
locally we can use the computations in [K], [KW], [A], then we have 



/ / tr[a- 4 (D- 2 )]a(0dx = / sdvol M . (2.6) 

JmJ\€\=i o Jm 



where $7 n = f^y- So we only need to compute J dM <3>. 

Firstly, we compute the symbol a(D^ 1 ) of D~ l . Recall the definition of the Dirac 
operator D (see [BGV], [Y]). Let V L denote the Levi-civita connection about g M . In 
the local coordinates {x^; 1 < i < n} and the fixed orthonormal frame {£{, • • • , e^}, 
the connection matrix (u} s ,t) is defined by 

V L (ei,- ••,e^) = (ei,---,e;)(w a>t ). (2.7) 
c(e,) denotes the Clifford action. The Dirac operator 

n „ „ 1 

£ = ^c(ej)[ej - -^w s ,t(ei)c(e s )c(e t )]. (2.8) 



So we get, 

<7i (D) = >/=Tc(0;<ro(£>) = -^o; s , t (e;)c(e;)c(e~ s )c(e t ), (2.9) 



where £ = VJf=i denotes the cotangent vector. Write 



oo 



£>« = a(D)=p 1+ po; a^ 1 )^^. (2.10) 

j'=i 
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By the composition formula of psudodifferential operators, then we have 
l = a(DoD- 1 ) = ^^MDp-klD- 1 )] 

a 

= (Pi + Po)(9-i + Q~2 + 3-3 H ) 

+ + d ijPo){D Xj q-i + D Xj q_ 2 + As,9-3 + ■ ■ 

j 

= Pi 9-1 + (pi?-2 + P09-1 + fyjPiDxjQ-i) H , 

i 

Thus, we get: 

?-i =pr 1 ; ?-2 = -pr 1 ^ 1 +E a ^i £) *>r 1 )]- ( 2 - n ) 

By (2.9), (2.11) and direct computations, we have 



Lemma 2.1 



q-i 



-HO . 
fcl 2 ' 



9-2 = j|p + 2^ C ( dx j)i d xM0\\t\ 



c(OM*l 2 )l 

(2.12) 

Since $ is a global form on dM, so for any fixed point xq € <9M, we can choose the 
normal coordinates U of xq in <9M (not in M) and compute <&{xq) in the coordinates 
[7 = U x [0, 1) C M and the metric j^9 dM + dx 2 n . The dual metric of g M on 77 is 

h(x n )g™ + dz*. Write gM = g M g% 



g (dxi, dxj), then 



[.9 



Mi 



h{x n ) 





[g 



hi 



h{ x n)[g l o M ] o 
o 1 



(2.13) 



and 



d Xs 9° M (x ) = 0, 1 < i, j < n - 1; (x ) = <5„ 



Af / 



(2.14) 



Let n = 4 and {ei, • • • , e n _i} be an orthonormal frame field in U about g dM which 
is parallel along geodesies and ej(xo) = ^:( x o), then {el = y/h(x n )ei, • • • , e^Ti = 
v / h(x n )e n -i,e^ = dxn} is the orthonormal frame field in [7 about g M . Locally 
S(TM)\~ 9* U x A£(§ ). Let {/1, ■ ■ ■ , / 4 } be the orthonormal basis of A^(f ). Take a 

spin frame field cr : U — > Spin(M) such that 7r<7 = {el, • • • , e^} where 7r : Spin(M) — ► 
O(M) is a double covering, then {[(cr, /j)], 1 < z < 4} is an orthonormal frame of 
5(TM)|~. In the following, since the global form $ is independent of the choice of 
the local frame, so we can compute trstTM) in the frame {[(cr, /j)], 1 < i < 4}. Let 



{£1, • • • , E n } be the canonical basis of R n and c(Ei) £ clc(w) 
be the Clifford action. By [Y], then 



Hom(A^(f),A^(f)) 



c(e~) = [(cr,c(^))]; cmivji)] = K<T,c{Ei)fi)]; ^7 = K^)]. l 2 ^) 
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then we have ^-c(ej) = in the above frame. 

Lemma 2.2 d Xj (\£\ 2 gM )(x ) = 0, if j < n; = ti(0)\?\ 2 gaM , if j = n. (2.16) 

dxMOfao) = 0, if J < n; = 0*„[c(O](*o), if j = n, (2.17) 
where £ = £' + £, n dx n . 

Proof. By the equality Xi (|£|J M )(zo) = ^ (%«)jw(i')^ m + £)(z ) and (2.14), 
then (2.16) is correct. By Lemma A.l in Appendix, (2.17) is correct. □ 
In order to compute Po(xo), we need to compute uj S; t(ei)(xo). 

Lemma 2.3 When i < n, u> n j(ei)(xo) = |/j'(0); and uJi,n(Si)(xo) = —^h'(0), In 
other cases, co St t(ei)(xo) = 

Proof. See Appendix. □ 
Lemma 2.4 Po(xo) = CQc(dx n ), where cq = — |/i'(0). 

Proof. This comes from (2.9), Lemma 2.3 and the relation c(ei)c{e~j) + c(e~j)c(ei) = 
-25i.j. □ 
Now we can compute <£>, since the sum is taken over —r—l+k+j + \a\ = —3, r, I < 
— 1, then we have the following five cases: 

case a) I) r = —1, I = — 1 k = j = 0, \a\ = 1 

By (2.5), we get 

r r+co 

*) X ) = - / / E trace^vr+g.! x d^q-^d^a^dx' , (2.17) 



case a) 



Q =1 



By Lemma 2.2, for i < n, then 

C^-i^o) - d Xi I — ^ — J ( x o) ^2 ^T4 °' 

so case a) I) vanishes. 

case a) II) r = — 1, Z = — 1 A; = \a\ = 0, j = 1 
By (2.5), we get 

casea) II) = -- / / trace [d^Trt g_i x d£ n g_i](xo)<Z£„0-(£') da;/ , (2-18) 
By Lemma 2.1 and Lemma 2.2, we have 



o2„ 6g»c(^ ra ) + 2c(Q 8gc(0 , 
^ n g_i = V-l( ^ + |£| 6 J ' { - 2A9 ) 



C x „g_i(x J - j|p j|p • (2.2U) 
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By (2.1) in [Wal] and the Cauchy integral formula, then 



7r; 



c(0 



\Z\ 4 



(So)||{'| = l = ttJ 



n ) 



c((')+ri n c(dx n ) 
= 7r~ llm «^0- / 7 ^9 dr ?" 

c(0+»Mc(da; n ) i (1) 



(?7n + 2 (^n - f?n) 



ic(0 c(£') + ic(dx n ) 



4(Cn - ») 4(C„ - i) 



(2.21) 



Similarly, 



7T 



\i\ 2 



(x )i|^i=i = 



dx n [c(?)](*o) 
2(£„ - i) ' 



(2.22) 



By (2.20), (2.21), (2.22), then 

0*„[c(OK*o) 



ic(£') , c(f) + ic(dx n ) 



+ 



4(£„-i) 4(e„-i) 



(2.23) 

By the relation of the Clifford action and tr^4i? = trBA, then we have the equalities: 

tr[c(£')c(ds„)] = 0; tr[c(cfe n ) 2 ] = -4; tT[c(g) 2 ](x )\ wl=1 = -4; 

tT[d Xn c(?)c(dx n )] = 0; tr[3 an c(Oc(0](*o)||£'|=i = -2h'(0). (2.24) 
By (2.24) and direct computations ,we have 

'^ n c{dx n ) + 2c(e ; ) se 2 [ c (e') + e„c(dx n ; 



/i'(0)tr ■ 



4(e« - *) 4(e„ - i) 2 



(i+a 2 

-2i^ _ £ n + i 



= -4h'{oy 



(i + a) 3 



Similarly, we have 

' 'd Xn [c(C)](xo) 



ltr 



2(£n ~ i) 



(£n-*) 4 (en + *) 3 ' 

6Cnc(dx n ) + 2c(0 8^ [ c (£') + ^ nC (dx T 



(2.25) 



(i+a) 2 (i+a 3 

3^ 2 -l 



(£ re -i) 4 (£n + i) 3 



(^o)||ei=i 

(2.26) 



By (2.19), (2.23), (2.25), (2.26), then 



case a) II) 



J\t'\=iJ- 



+°° ih'(o)(t n -i) 2 

{(in-i) A (tn + iy 



■d^ n a(i')dx' 
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= -ih'(0)Q 3 [ 
Jr 



r+ (Zn-i) 2 (tin + iT 



d^ n dx' 



(?n + ir 

= --Trh'(o)n 3 dx'. 

8 

case a) III) r = —1, I = — 1 j = \a\ = 0, k = 1 

By (2.5), we get 

1 /■ r+oo 

III) = -- / / trace^vr+g.! x d^d Xn q^}(xo)d^ n a(Odx' , (2.27) 

Z J\£'\=l J -co 



case a 



r + OO 

i\e\=ij-<x> 

By Lemma 2.2, we have 



C{dx n ) _ c(g') + j n c{dx n ) 

lei 4 ?n 



ici 6 

c(0 + ic(dx n ) 



^„<9-i(a:o)||{'|=i = - 2 (e n -i) 2 
Similarly to (2.25), (2.26), we have 



2gn^T^ n c(g / )(x ) 

(2.28) 
(2.29) 



tr 



c(g') + ic(dxn) 



x >/=Th'(0) 



2/i'(0) 



c((ix ra ) _ c(g') + g n c(cfay. 



iei £ 



(u-imn+i) 31 



(2.30) 



and 



tr 



c(£') + ic(dx n ) 2S n y/=ld Xn c(?)(x ) 
X 



(£n-*) 4 (£n + *) 2 ' 

(2.31) 



2(e«-^) 2 ki 4 

So we get case a) III)= ^irh! XfySl^dx' . 
case b) r = —2, I = — 1, fc = j = |a|=0 
By (2.5), we get 

/■ r+oo 

case b) = —i I \ tTace[Trtq-2xdcq- 1 ](x )d^ n a(^)dx', (2.32) 
J\€'\=lJ-oo ?n 

By Lemma 2.1 and Lemma 2.2, we have 

?- 2 (xo) = C(0P |ffi )C(g) + ^^x n )[^ n [c(C')](x )|e| 2 " c(0/i'(0)|e|| M ]. (2.33) 
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Then 



T?„?-2(Z0)lK'|=l=7r£ 



-fc'(0)7T+ 

Similarly to (2.21), we have 



c(Opo(x )c(0 + c(Oc(dxn)0*„[c(O](*o) 



(i+e: 



2A2 
nJ 



c(£)c(dx n )c(£) 



:= i?i — i?2- 



Si 



4(e™-i) 4(e„-i) 2 ' 



4, 



(2.34) 



(2.35) 



where 



M = ic(£')p c(?) + ic(dx n ) Po c(dx n ) + ic(?)c(dx n )d Xn [c(£,')]-, 
A 2 = [c(0 + ic(dx n )] P0 [c(O + ic(dx n )\ + c(Oc(cfen)0*„c(O - id Xn [c(Z% ( 2 -36) 



5 2 = h'(0)nl 



-£c(dx n ) 2 - 2£ n c(£') + c{dx n ) 



(i + a) 3 



2 

*'(0) 



1(2) 



-rilc(dx n ) - 2r? n c(£') + c(rf x ra ) 

(% +i) 3 (?n ~»7n) 

i^^y + 8 ( e„-,) 2 + W^W [lc{ ^ ] ~ c{dXn)] 

~c(dx n ) 2C„c(0 + 2&c(dx n ) 



^„g-i(xo)||{'|=i = v-l 
By (2.37), (2.38), we have 



.(2.37) 
(2.38) 



tr[B 2 x ^„g_i(x )]||C'|=i = — g - ^ (0)t rac e 



1 1 

+ 



3£n - 7i 



4i(^n - %) 8(£ n - i) 2 8(£ n - i) 3 
1 2£ 



i+a a+e 



2\2 



c(ofe n ) + 
c(dx n ) - 



1 + 3£„-7z 



8(£„ - i) 2 8(£ n - if 
2£, 



(i+a 2 



c(0> 



^Ifr'fO) ~^-^ + 4i trfidl 

2 M0) 4(^-,) 3 (en + i) 2 4 J - 



(2.39) 



Note that 



Si 



■[(2 + if n )c(f )Poc(£') + i€ n c(dx n )poc(dx n ) 



+ (2 + itn)c{e)c(dx n )d Xn c{e) + ic(dx n ) Po c(e) + ic(Z') Po c(dx n ) - id Xn c(£% (2.40) 
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By (2.24), (2.38), (2.40), Lemma 2.4 and tr(AB) = tv(BA), considering for i < n 
4'|=ifciCi 2 • • • & 2d+1 MO = 0, then 

>< a ( „ q - l(xo)]k , - ir ^_ + m _£^y . (2 . 41) 

By (2.34), (2.39) and (2.41), we have 

case b) = -fi 3 / %% I W^#^n^' = ^'(0)JW. (2.42) 
case c) r = —1, Z = —2, Zc = j = \a\ = 
By (2.5), we get 

r r+oo 

case c) = — i / / trace[7rj~ q_i x 3c g_2](£o)d£nc(£ / )°te'- (2.43) 

J|^'|=lJ-oo ?n 

By 

-i- / \ i c(f') + ic(dx n ) , , 

7r+g-i(*o%|=i = afo-O ' ( 2 - 44 ) 

%g_ 2 (a;o)||^| = i = J^^y^in - 2&)c(dx n )p c(dx n ) + (1 - 3^)c(dx n )p c(O 
+ (1 - ^)c(^')Poc(dx n ) - 4£ n c(£>oc(0 + (3^ _ l)0 x „c(O - 4& C (Oc(ds n )0 x „c(O 
+2/i'(0)c(O + 2h'm n c(dx n )} + 6g n ^(0) c(g)c( ^" )C 4 (6 , (2.45) 
then similarly to computations of the case b), we have 



r + n ,/ m 3Zi'(0)(^ + £ n -2i) 12/i'(0)i£ n 

So case c) = — |7r/i/(0)f23eZa/. Now $ is the sum of the cases a), b) and c), so is zero. 
Then we get 

Theorem 2.5 Let M be a 4- dimensional compact spin manifold with the boundary 
dM and the metric g M as above and D be the Dirac operator on M , then 

WresKTr+D- 1 ) 2 ] = -— / sdvol M . (2.47) 
3 Jm 

Remark 2.6 Since (2.4) is correct for any dimensional manifolds with boundary, we 
conjecture that Theorem 2.5 is also correct for any even dimensional manifolds with 
boundary. But our computations way maybe isn't valid for general even dimensional 
manifolds with boundary. When the dimension becomes larger and larger, the terms 
which we need to compute becomes more and more. Maybe the way in [GS] is valid 
for any even dimensional manifolds with boundary. 
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3 The signature operator case 

Let M be a 4-dimensional compact oriented Riemannian manifold with boundary 
dM and the metric in Section 2. D = d + 5 : A* (T* M) -> A*(T*M) is the signature 
operator. Take the coordinates and the orthonormal frame as in Section 2. Let 
e(fiji), i(ej*) be the exterior and interior multiplications respectively. Write 

c(€j) = e(eJ5) — i(eJ5); c(ej) = e(ej*) + t(ej*). (3.1) 

We'll compute ti a *(t*m) i n the frame {dxi 1 A • • • A cfajj 1 < i\ < ■ ■ ■ < ik < 4}. By 
[Y], we have 

n _ _ 1 

D = d + 5 = ^c(ej)[e; + - ^u; s , t (ej)[c(e s )c(e t ) - c(e s )c(e t )]]. (3.2) 

i=l s,t 



So 

pi = ai(d + S) = v^Tc^); Po = <J (d + 5) = - ^ u Sjt (ei)c(ei)[c(e s )c(e t ) - c(e s )c(e t )]. 



i,s,t 

Lemmas 2.1-2.3 are also correct, by Lemma 2.3, then 



(3.3) 



3 i _ 

Po(zo) = Po(x ) - -h! \0)c(dx n ); p (x ) = -h'(0) ^ c(ej)c(e n )c(ej)(x ). (3.4) 

i=l 

For the signature operator case, 

tr[id] = 16; ti[c^)d Xn c^)](x )\ lel=1 = -8ti(0); (3.5) 
tr[c(OPoc(t;')c(dx n )}(x ) = tv\p c^')c(dx n )c(C')](x ) = \('\hv[p c(dx n )}. (3.6) 

n— 1 

c(dx n )p5(x ) = --/i'(0) Y c(e,i)c(ei)c(e n )c(e n ) 

i=i 

n—l 

= -jh'(0) J2[e(ei*)i(ei*) - t(ej*)e(ej*)][e(e n *)i(e n *) - i(e n *)e(e n *)] 
i=i 

By Theorem 4.3 in [U], then 

tr A m {T , M) {[e(ei*)t(ei*) - t(ej*)e(ej*)][e(e n *)t(e n *) - t(e n *)e(e„*)]} 

= On,rrt < e ra* > +^n,mj e i * | | e n * | = k>n,mi (3-7) 

where6 4 , m =( „_ 2 )+( Jj)-^ ^ _ x ) • By (3.7), then 

4 

tr A » (T * M) {[e(ei*)i(ej*) - t(ej*)e(ej*)][e(e n *)i,(e n *) - t(e n *)e(e„*)]} = ^ 6 4jm = 0. 

m=0 
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Then 

tr A , (T , M) [c(dx n )p5(x )] = 0. (3.8) 
By (3.4), (3.5), (3.6) and (3.8), then $ sig = 4$ Dirac = 0. So we get 

Theorem 3.1 Let M be a 4- dimensional compact oriented Riemaniann manifold 
with the boundary dM and the metric g M as above and D be the signature operator 
on M , then 

Wres^+I^ 1 ) 2 ] = ^ / sdvol M . (3.9) 
3 Jm 

4 The gravitational action for 4-dimensional manifolds 
with boundary 

Firstly, we recall the Einstein-Hilbert action for manifolds with boundary (see [H] 
or[B]), ' 

IQt = T7T I sdvolM + 2 f Kdvolg M : = 7 G r,i + / G r,b, (4.1) 

167r Jm JdM 

where 

K= E K ii$M\ K iJ ] lr (4-2) 

l<i,j<n— 1 

and Kij is the second fundamental form, or extrinsic curvature. Take the metric in 
Section 2, then by Lemma A. 2, Kij(xo) = —Tfj(xo) = —^h'(0), when i = j < n, 
otherwise is zero. For n = 4, then 

3 3 

i,j i=l 

So 

/Gr.b = -3/i , (0)VoW. (4.3) 

Let M be 4-dimensional manifolds with boundary and P, P' be two pseudodiffer- 
ential operators with transmission property (see [Wal] or [RS]) on M. By (2.4) in 
[Wal], we have 

vr+Povr+P' = tt + (PP') + L(P,P') (4.4) 

and L(P, P') is leftover term which represents the difference between the composition 
tt + P o tt + P' in Boutet de Monvel algebra and the composition PP' in the classical 
pseudodifferential operators algebra. By (2.5), we define locally 



1 r r+oo 

re Sljl (P,P') :=-- / trace[^„7r+ a^(P) x cf^P'M^O^'; (4.5) 

r r+co 

res 2 ,i(P,P') := -i / / trace [tt+ <t_ 2 (P) x ^^(POR^C')^'. (4.6) 
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Thus they represent the difference between the composition ir + Poir + P' in Boutet de 
Monvel algebra and the composition PP' in the classical pseudo differential operators 
algebra partially and 

case a) II) = resi.^Zr 1 , D' 1 ); case b) = res 2 ,i(-D"\ D~ l ). (4.7) 

Now, we assume dM is flat , then {dxi = e^}, gfj 1 = Sij, d Xs gfj t = 0. So 
resi i i(L' _1 , D^ 1 ) and res2,i(-D~ 1 , D^ 1 ) are two global forms locally defined by the 
aboved oriented orthonormal basis {dxi}. By case a) II) and case b), then we have: 

Theorem 4.1 Let M be a 4- dimensional compact spin manifold with the boundary 
dM and the metric g M as above and D be the Dirac operator on M . Assume dM is 
flat, then 

f res ltl (D- 1 ,D- 1 ) = ln 3 I Gl:h ; (4.8) 
JdM 8 

/ res 2 , 1 ( J D- 1 ,^- 1 ) = -— Q 3 / G r,b. (4.9) 

J dM o 

Theorem 4.2 Let M be a A- dimensional compact oriented Riemaniann manifold 
with the boundary dM and the metric g M as above and D be the signature operator 
on M. Assume dM is flat, then 

f res 1A (D~ l ,D- 1 ) = ?-n 3 I Gr , h ; (4.10) 
JdM 2, 

/ resa.iOD-Sir 1 ) = -— JVcr.b. (4.11) 

JdM 2 

Remark 4.3 We take iV is a flat 3-dimensional oriented Riemannian manifold and 
M = N x [0,1], then dM = N © N. Let g M = j^g N + dx 2 n , where h{x n ) = 

1 - x n (x n - 1) > for x n e [0, 1] and h(0) = h(l) = 1. The {M,g M ) satisfies condi- 
tions in Theorem 4.2. Similar construction is correct for Theorem 4.1. When dM is 
not connected, we still define the noncommutative residue with the loss of the unique 
property. 

Remark 4.4 Considering (2.5). when the dimension increases, the degree of the 
derivative of h(x n ) in $ will increase. So the theorems 4.1 and 4.2 aren't correct for 
any even dimensional manifolds. 

Remark 4.5 The reason that the term from boundary does not appear is per- 
haps that we ignore boundary conditions. We hope to compute the noncommutative 
residue Wres[(7r + Z? -1 ) 2 ] under certain boundary conditions to get the term from 
boundary in the future. Grubb and Schrohe got the noncommutative residue for 
manifolds with boundary through asymptotic expansions in [GS]. Another problem 
is to compute Wres[(7r + Z)~ 1 ) 2 ] by asymptotic expansions. 
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5 Computations of Wres[(7r + D x ) 2 ] for 3-dimensional spin 
manifolds with boundary 

For an odd dimensional manifolds with boundary, as in Section 5-7 in [Wal], we 
have the formula 

Wres[(vr + L>- 1 ) 2 ] = f $. (5.1) 



IdM 

When n = 3, then in (2.5), r — k — \a\ + / — j — 1 = —3, r,l < —1, so we get 
r = I = — 1, k = \a\ = j = 0, then 



r r+oo 

$ = y y trace 5(TM) [a^ 1 (^)- l )(z^o,e^en)x^ n c7_ 1 (^)- l )(x / ,o,e^er ^ )]^(e')^'• 

151-1 (5.2) 
By Lemma 2.1, then similar to (2.21), we have 



+ m -n, v /r T[c(gQ + ic{dx n )} 

a - l{D }l '^ 1 = — m^i) — • 



(5.3) 



^ a - l(jD >ii^i= i = — r^ra ora^- (5 - 4) 

For n = 3, we take the coordinates as in Section 2. Locally S(TM)\~ = U x AQ Cn (2). 

Let {/i, /2} be an orthonormal basis of A^ cn (2) and we will compute the trace under 
this basis. Similarly to (2.24), we have 

tr[c(Oc(dx 3 )] = 0; tr[c(dx 3 ) 2 ] = -2; tr[c(O 2 ](x )|| 5 '|=i = -2 (5.5) 

Then by (5.3) (5.4) and (5.5), we get 

tracef^p- 1 ) x d^a^D- 1 )}^)^ = - ] . (5.6) 

By (5.2) and (5.6) and the Cauchy integral formula, we get 

$ = yf^VobjM = iir 2 V0l dM - (5.7) 

Here voIqm denotes the canonical volume form of dM. 

Theorem 5.1 Let M be a 3-dimensional compact spin manifold with the boundary 
dM and the metric g M as in Section 2 and D be the Dirac operator on M , then 

Wres[(^+ D- 1 ) 2 ] = ivr 2 Vol 9M , (5.8) 

where VoI^m denotes the canonical volume of dM. 

Remark 5.2 By Theorem 5.1, we know that Wres[(7r + Z) _1 ) 2 ] isn't proportional to 
the gravitational action for boundary for 3-dimensional manifolds with boundary. By 
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the same reason as in Remark 4.4, we know that Wres[(7r + L> *) 2 ] isn't proportional to 
the gravitational action for boundary for any odd dimensional manifolds with bound- 
ary. 

Appendix 

In this appendix, we will prove some facts used in Lemma 2.2 and Lemma 2.3. 
Lemma A.l 

d Xl c(dxj)(xo) = 0, when I < n; d Xl c(dx n ) = 

Proof. The fundamental setup is as in Section 2. Write < d Xs ,ei > g aM= Hi s , then 
by [Y] or [BGV], d Xj H i:S (x ) = 0. Define dx* G TM\~ by < dx*,v >= (dx],v) for 
v £ TM. For j < n, 

c(dxj) = c(dxj) = c(y] < dx*,ei > e~i) 

i 

= Y,9 SJ <d Xs ,ei> g M c(ei)= ^ J— g s > j H s>i c(e~i) + ^ g nd c(^). 

i,s l<i,s<n VhyXn) i=s=n 

So for / < n, d Xl c(dxj)(xo) = 0. □ 
The proof of Lemma 2.3: 

Recall, let V L be the Levi-Civita connection about g M and 

vL^. = Er^ fc , (Ai) 



k=i 

then 

r?j = \a kl {d Xjgii + a Xi9lj - d Xl9ij ). (A2) 

Let _ 

da* = h ik£k; ei = Yl h ik d Xk , (A3) 

k k 

then the matrix [hik] and [/i^] are invertible, and hik(xo) = 5ik- By (A.l) and (A. 3), 
then 



s k k,l 

By (2.7), then 

Wat(ei)(a:o) = d Xi (h^ s )(x ) + rf t (ar ) = -d Xi ht s (x ) + rf t (x )- (A4) 
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By (A. 2) and the choices of g and the normal coordinates of xq in dM, then we have 

Lemma A. 2 When i < n, then 

rS(xo) = ^'(0); r^(xo) = -\h'(0); T\ n {x ) = -h'(0), 

in other cases, r* t (x ) = 0. 

By h ts = g M (d Xt ,e s ) = —t= — =H ts , (1 < t, s < n), then we have 

V h{x n ) 

Lemma A. 3 —d Xi ht s (xo) = ^h'(0) ifi = n, t = s < n. In other cases, —d Xi ht s (xo) = 
0. 

By Lemma A. 2 and A. 3 , (A. 4), then we prove Lemma 2.3. □ 

Acknowledgement: The author is indebted to Professor Weiping Zhang for his en- 
couragement and support. He thanks Professors Xianzhe Dai and Siye Wu for their 
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